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Improvements have been made in previous least-squares
regression analyses of infrared spectra for the quantitative
estimation of concentrations of multicomponent mixtures. Spec-
tral baselines are fitted by least-squares methods, and overlap-
ping spectral features are accounted for in the fitting procedure.
Selection of peaks above a threshold value reduces computation
time and data storage requirements. Four weighted least-
squares methods incorporating different baseline assumptions
were investigated using FT-IR spectra of the three pure xylene
isomers and their mixtures. By fitting only regions of the spectra
that follow Beer’s Law, accurate results can be obtained using
three of the fitting methods even when baselines are not cor-
rected to zero. Accurate results can also be obtained using one
of the fits even in the presence of Beer's Law deviations. This is
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a consequence of pooling the weighted results for each spectral
peak such that the greatest weighting is automatically given to
those peaks that adhere to Beer’s Law. It has been shown with
the xylene spectra that semiquantitative results can be obtained
even when all the major components are not known or when
expected components are not present. This improvement over
previous methods greatly expands the utility of quantitative
least-squares analyses.

Index Headings: Fourier transform infrared spectroscopy; Quan-
titative infrared spectroscopy; Least-squares analysis; Xylene.

INTRODUCTION

Quantitative infrared spectroscopy has gained in pop-
ularity with the capability of obtaining digitized infrared
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spectra. Antoon et al.' have applied linear least-squares
regression methods to the infrared spectra of multicom-
ponent mixtures in order to analyze quantitatively the
composition of the individual components. Assuming a
linear relationship between concentration and absorb-
ance (i.e., assuming Beer’s Law is obeyed), these tech-
niques have been successful in the quantitative analysis
of multicomponent mixtures even in those cases where
there is complete overlap of the infrared spectral features.
The inclusion of all the data in the spectral region of
interest also significantly improves the precision and
accuracy of the results. The methods of Antoon et al’
have been applied with success in the quantitative anal-
ysis of polymer components and the mineral composition
present in coal.?

Earlier, we presented least-squares methods for im-
proving the sensitivity of the quantitative analyses of the
infrared spectra in regions of the spectrum where only
single components were present.® We were able to im-
prove the sensitivity by simultaneous least-squares fits
of the spectra and the baselines. Alternatively, a least-
squares derivative fit of the spectra was used to correct
for slow nonlinear variations in the baseline. These meth-
ods were shown to improve the detection of trace gases
by factors of 5 to 7 for gas molecules of low molecular
weight and allowed detection even in those cases where
the signal was less than the noise. It is useful to combine
our earlier methods with those of Antoon et al.! so that
automatic spectral baseline corrections can be incorpo-
rated into the least-squares regression analysis of multi-
component mixtures with overlapping spectral peaks.
This combined method of analysis would improve sensi-
tivity and eliminate the more subjective baseline correc-
tions required for the sample and reference spectra. Base-
line corrections for quantitative analysis are especially
difficult and subjective in those cases where there is
scattering by the sample or where significant spectral
overlap occurs. Incorrect baseline corrections are equiv-
alent to a breakdown in Beer’s Law. Therefore, accurate
baseline corrections are of fundamental importance. This
paper outlines the extension of our earlier least-squares
methods to the case of multicomponent mixtures with
overlapping spectral features and its application to arti-
ficial and real mixtures.

I. EXPERIMENTAL

A Nicolet 7199 Fourier transform infrared (FT-IR)
spectrometer was used with a liquid nitrogen cooled Hg-
Cd-Te detector with a range from 400 to 5000 cm™’.
Interferograms were collected to yield ~2 cm™ resolution
after transforming the data with triangular apodization.
In order to compare results with those of Antoon et al.,!
mixtures of the three xylene isomers (dimethylbenzenes)
were used to evaluate the least-squares analyses. The
xylenes used were chromatographic standards from Poly
Science Corp. with isomeric purity of =99.5%. The ref-
erence spectra were obtained from the same 15-um path
length liquid cell to assure constant path length. Two
hundred fifty-six interferograms were signal averaged in
each case. The sample consisted of an accurately weighed
(0.0001 g) mixture of nearly equal weights (~0.15 g) of
the three xylenes. Again the same liquid cell was used to
eliminate path length variations. The spectrometer was
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well purged with dry N, gas to eliminate H,O and Co,
interferences.

The least-squares analysis was applied both to artificia]
and real xylene mixtures. The artificial mixtures weye
created by digitally adding known fractions of each xy-
lene reference. Noise at various levels was then added to
complete the artificial sample spectrum. The noise wag
generated by taking two separate single beam spectra of
one scan with no sample in the IR beam. These were
then ratioed to create a noise spectrum with the norma]
instrumental noise characteristics. Greater amounts of
noise were created by multiplying this noise spectrum by
constant factors. These artificial spectra assured that
Beer’s Law was followed over the entire spectral region
since they were created from a linear combination of the
reference spectra. The spectra of the real mixtures were
used to determine the effects of possible non-Beer's Law
behavior on the least-squares analysis. To determine the
effectiveness of least-squares baseline corrections, the
baselines of the samples were either left unchanged or
corrected to zero with the interactive Nicolet software
before applying the least-squares program to the data.

II. THEORY

Beer's Law is used as the basis for relating the concen-
tration (c) of an absorbing species to its infrared absorb-
ance (A) at each specified energy. That is,

A = agbe (1)

where a is the absorptivity and b is the path length.
Beer’s Law generally requires that the resolution of the
spectrometer is sufficiently high to avoid significant in-
strumental broadening of the spectral bands being meas-
ured.’ Anderson and Griffiths® also show that the instru-
mental line shape can often affect the measured peak
absorption, and they recommend the application of
Beer’s Law only when A =< 0.7. Eq. (1) also requires that
each individual component in a mixture is not affected
by the presence of other components (i.e., noninteracting
components). As has been shown previously' and con-
firmed in this study, the absorptions due to certain
vibrations are often not influenced by the presence of
component interactions that affect other vibrations of
the same species. These unaffected vibrations will there-
fore follow Beer's Law.

Least-squares regression analyses are specifically de-
veloped here for samples of multicomponent mixtures
with overlapping spectral features. Each analysis uses all
the spectral data above a selected absorbance threshold
in the spectral region of interest. The least-squares anal-
ysis includes a fit of the spectral baselines as well as &
quantitative determination of each component of the
sample. Since the sample spectrum is fitted to a least-
squares linear combination of pure reference spectra, n0
assumptions about spectral line shapes are required. AS
before,” we have developed and tested four different
least-squares fitting procedures. The differences between
the four are in the assumptions made about the baselines
of the spectra. The assumptions are: (I) the baseline ¥
zero, i.e., the case developed previously by Antoon et al.
with no baseline fit; (II) the baseline is linear across the
spectral region to be fit; (III) the baseline is linear qur »
each spectral peak in the fit; and (IV) there is a negligible..




paseline shift between successive data points in the fit.
This last analysis is equivalent to a least-squares fit
between first derivatives of the sample and reference
spectra. In general, method I will require a correction of
the baseline to zero absorbance before curve fitting since
even reflectance losses will result in nonzero baselines. If
the baseline assumptions are valid in methods II to IV
for both the sample and reference spectra, then no pre-
Jliminary baseline corrections are necessary for either the
sample or reference spectra. However, with sloping base-
lines it may be desirable to baseline correct the reference
spectra prior to curve fitting since this aids in the proper
selection of peaks for the fitting program. In general, the
baselines of pure reference spectra with high signal-to-
noise ratios (S/N) are readily corrected to near zero by
the software accompanying most commercial computer-
ized infrared spectrometers.

In this study there are two points of departure in
method I from that presented by Antoon et al.' The first
is that only peaks in the reference spectra that are above
a specified threshold value in the desired spectral region
are selected for the least-squares analysis. Therefore,
only those regions of the spectra where spectral infor-
mation is present will be included in the fit. This elim-
inates data that add little or nothing to the analysis and
thus reduces memory requirements and computation
time. The selection of peaks is a formal requirement for
method III since a linear baseline is fitted under each
peak. The second deviation from the method of Antoon
et al.! occurs in the weighting factors applied to each
datum. The weighting factor should be related to the
noise response expected for the particular type of detec-
tor used in the spectrometer. In particular, the weighting
factor will be the reciprocal of the variance of the random
noise. For most detectors used in infrared spectrometers
(e.g., thermocouple, pyroelectric, or semiconductor), the
noise is constant and independent of the signal level.
Since the signal is converted to absorbance before being
fitted, the variance of the noise in terms of absorbance
must be determined. If the signal in absorbance is ex-
panded as a Taylor series about the transmission and
only the first two terms are kept, it is found that the
variance of the noise is proportional to the inverse of the
square of the transmittance (i.e., 772). Thus the weight-
ing factor, z;, used in these analyses, is calculated from
the sample spectrum at each frequency i and is equal to
T2. Antoon et al.! used (A;)™" as the weighting factor in
their analyses. This weighting factor is more appropriate
for absorption spectra using a photomultiplier detector
where the noise is proportional to the square root of the
absorbance. Its use is apparently a result of applying
methods developed for gamma-ray spectra® where pho-
tomultipliers are used for detection.

The appropriate mathematical equations describing
the four methods of least-squares analysis and the as-
sumptions about the baselines are given in Table I. A/
represents the absorbance of the sample at frequency i
while Aj; represents the absorbance of the jth reference
at the same frequency. The parameters k; are the ratios
of the concentration of the jth component in the sample,

‘¢, to the concentration of the jth reference, ¢/. (If path
length variations are present, k; represents the ratio of
- the path length concentration product (bc) for the sample

and reference). The %; terms are therefore the scaling
parameters which can be used directly in spectral sub-
tractions of the references from the samples. The equa-
tion for method I in Table I simply represents the linear
combination of reference spectra which make up the
composite sample spectra as expected from Beer’s Law.
The e; term is the random error present at frequency i.
The random error is assumed to be normally distributed
with an expectation of zero and a variance proportional
to T™? as discussed earlier. A term that is linear in
frequency (i.e., @ + by;) has been added in method II in
order to fit a linear baseline over the desired spectral
region. Method III has the same linear baseline fit except
that a separate linear baseline is fitted for each spectral
peak. A different set of &; is estimated from each peak
and the final &/s are determined by pooling the individual
ﬁj’s weighted inversely by the estimated variance calcu-
lated for each component in each peak. Method 1V,
which fits the difference between successive data points
at constant frequency separation, is equivalent to a least-
squares fit of the first derivatives of the reference and
sample specta.

Table II presents the same equations in matrix form.
The details of the computational methods for each fit are
given in the Appendix. In particular, the least-squares

TABLE 1. Least-squares methods for quantitative analysis of
multicomponent mixtures by infrared spectroscopy.

Method Fit* Base line assumptions
1 Ar= T hASte, Baselines of sample and reference spectra
~1 are zero

. T A AT Baselines of sample and reference spectra
Sm atbn+ T hAL e "

n A atbn E. AL+ e are linear over the spectral range fit
. S pAT Baselines of sample and reference spectra

- + X
m Aem o b"'+,2:|"d"'+e" are linear over each peak
- Neotathls = ahift b su
RAAG + Qe, . )
v AA = ,2:, AL+ B, sive data points for both sample and
reference spectra

* Symbols defined as follows: A.*, sample absorbance at frequency i; A}, absorbance of jth

reference at frequency i; k;, ratio of of the jth comp in the sample and
the jth refe s ¥i, freq - a b, i pt and slope for linear baseline; e;, noise at
fre y i; p, subacript indicating values pertaining to a particular peak; AA/', difference in

sample absorbances at frequencies i and i + 1; AAj, difference in abeorbances of the jth
reference at frequencies i and i + 1.

TABLE II. Matrix representation of least-squares methods for
quantitative analysis of multicomponent mixtures by infrared
spectroscopy.

Least-squares fit Matrix model*

I Ay = Alcmbimx) + €axi)

II and HI® Al = Upnximez) Gumanixi] + €1y
1 »
1w a

where U = i AT md0=[ b ]

1 v'. Rimxn)

v AA ) = AAfixmbmx1y+ Aepxa)

*Symbols defined as follows: Af.x1), vector of absorbance equally
spaced frequencies; A, matrix of absorbance values for the m
references at n equally spaced frequencies; kmx1), vector consisting of
the ratio of concentrations of the m components in the sample and
the concentration of the corresponding reference; », frequency; a, b,
intercept and slope for linear baseline; ex.a), vector of noise in spec-
trum at each frequency; A, indicates the matrix is composed of
differences in absorbances between frequencies i and i + 1.

® Fit IT uses one linear baseline over the entire spectral region, whereas
Fit III is obtained by applying Fit II to each individual peak, then
pooling the results over all peaks.
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solution for method I in matrix form is
k= (A'ZA) (A ZA,) (2)

where A, and A, are the matrices representing the ref-
erence and sample absorbances, the prime indicates the
transpose of the matrix, and the Z matrix is the n X n
diagonal matrix of weights (i.e., z; = T2 = 10724, where
the T term is the transmittance of the sample at fre-
quency t). If ¢, is the vector matrix of known reference
concentrations, then the concentration of each compo-
nent in the sample is calculated by

é, = ke, (3)

The details of calculation of the variance of k, the error
variance, o and the standard error of the estimated
concentration, SE(é°), are given in the Appendix. For
large n, to a close approximation a 95% confidence inter-
val on the true concentration in the sample is given by
¢ £1.96 SE(E,')

III. PROGRAM

The methods presented above have been programmed
in Basic language for the Nicolet 1180 computer, and the
program is currently available with the standard Nicolet
software package. The spectra in absorbance are stored
on magnetic disk for the sample and each reference. The
file name, concentration, spectral region of interest, and
a threshold value for selecting peaks are input for each
reference. After inputting the sample file name, any or
all of the four fits may be selected. The starting and
ending frequencies for all spectral bands above the ab-
sorbance threshold are determined for each reference.
These are then compared between references, and new
peaks are defined to include only the first and last fre-
quencies of each set of overlapping peaks. All the corre-
sponding absorbance data within peaks for each refer-
ence and sample spectrum are then stored in core mem-
ory and used in the fit. At each frequency i in these
peaks, the absorbance data of each reference are included
in the fit even if the absorbance of one or more references
is below the selected threshold for that reference. This is
necessary since large differences in component concen-
trations in the sample might result in an appreciable
contribution from a low intensity peak in the component
with a high relative concentration. Storage of the data
completely in core memory reduces computation time by
eliminating disk-to-memory transfers. However, it can
also reduce the number of references or the spectral
range that can be fitted. This limitation is not generally
a problem since the proper selection of peaks greatly
reduces the data that needs to be included in the fit,

The output of the program includes the number of
peaks to be fitted and the number of data points involved.
The least-squares estimates of the concentration of each
component in the sample mixture are then listed for the
selected fit. Ninety-five percent confidence intervals are
listed along with the standard error of the estimated
concentration. As written, the program can take up to
three references, but straightforward changes in the di-
mension statements and one additional program state-
ment are all that are required to increase the maximum
number of references to be fitted. These changes are
documented in the program listing.
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IV. RESULTS AND DISCUSSION

The infrared spectra of the three pure xylene isomers
and a mixture of nearly equal weights of the three xylenes
are presented in Fig. 1. It is clear from these spectra that
conventional methods of quantitative infrared spectros-
copy which require isolated infrared bands for analysig
must rely on the out-of-plane C—H bending vibrationg
(i.e,, 600 to 850 cm™') since these are the only bandg
which have the requisite lack of spectral overlap in the
mixture. As pointed out by Antoon et al' and demon.
strated later in this paper, these bands exhibit the great-
est deviation from Beer’s Law and, therefore, quantita.
tive accuracy will suffer. Of course a large series of known
mixtures could be run to determine calibration curves in
this spectral region, but this is a time-consuming process
which will only be applicable over narrow concentration
ranges.

In order to evaluate the least-squares analysis in the
absence of deviations in Beer’s Law, the analyses were
performed on the artificially generated spectra discussed
earlier. Three artificial spectra with varying quantities of
noise are presented in Fig. 2. The S/N ratios are defined
as the peak signal to the average peak-to-peak noise.
Spectrum A represents the spectrum that would be ob-
tained with no signal averaging (i.e., with one scan each
of the sample and background). This is the lowest S/N
ratio to be expected for this type of sample and the S/N
is degraded by a factor of 16 over that actually obtained
with the 256 scan signal averaging used in this study.
The S/N ratio has been artificially degraded by succes-
sive factors of 10 in Fig. 2, B and C.

The results of the least-squares analyses are presented
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Fie. 1. Spectra of each of the three pure xylene isomers and
accurately weighed 1:1:1 mixture of three xylenes.
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I Fic. 2. Artificially synthesized 1:1:1 mixture of the three xylene iso-
mers with noise added. A, S/N = 250; B, S/N = 25; C, S/N = 2.5.

in Table IIL. No corrections for nonzero baselines have
been made for either the reference or sample spectra
used in obtaining these data. Table III gives the percent
relative error for each of the xylenes using least-squares
methods II (linear baseline under the entire spectral
range) and IV (the derivative fit). No attempt has been
made to force the total percentage to 100%. The results
for method I will be dependent on the position of the
baseline, whereas the results for fit III show relative
errors approximately 20% greater than those of fit II.
This greater imprecision is due to the lower precision
with which the individual peaks are fitted relative to the
single fit of method II. The derivative fit generally yields
greater average relative errors and yields lower precision
than fit II since method IV fits differences between two
successive data points which each contain random error.
However, it should be remembered that the accuracy of
fits III and IV may be greater in those cases where the
more strict linear baseline assumption of fit II fails.

The results of Table III show that the average relative
error is approximately 0.1% for a fit by method II when
S/N = 250. Even when the S/N ratio is only 2.5, quan-
titative results with an average relative error of <15% are
obtained with fit II. Thus, the least-squares analysis
using all the spectral information above a threshold of
0.15 A (i.e., 15 infrared bands included in the fit) yields
accurate quantitative results for the three xylenes when
Beer’s Law is known to be valid over the entire spectral
region. An effort was also made to analyze concentrations
where the signal was less than the noise. This analysis
yielded estimated concentrations that were not signif-
icantly different from zero at the 5% statistical level; that
is, the 95% confidence interval on the actual concentra-
tion included zero. Therefore, the least-squares analyses
applied to this mixture of xylenes, which exhibits signif-
icant spectral overlap, does not allow concentrations to
be reliably detected when the signal is below the noise

level. Detection when S/N < 1 was possible when these
least-squares methods were applied to gas phase spectra
of low molecular weight molecules with no spectral in-
terferences.® The lower number of peaks and broader
nature of the IR bands for the xylene isomers also con-
tributes to this reduced sensitivity from the high-resolu-
tion gas phase spectra. However, these methods are
invariably superior to conventional techniques which do
not use the least-squares regression analyses over wide
spectral regions. :

The least-squares analyses were subsequently applied
to the real mixture of nearly equal molar volumes of the
three xylenes. Antoon et al.! have pointed out that the
fingerprint region (450 to 1400 em™) is more likely to
experience deviations in Beer's Law than the C—H
stretching region. With the spectral addition capabilities
of computerized infrared spectrometers, adherence to
Beer’s Law can be readily checked for real mixtures. If
an accurately weighed mixture of the components is
prepared and its infrared spectrum obtained, then this
spectrum can be compared with one which is artificially
generated by adding the single component reference
spectra in the same molar concentration as prepared in
the real mixture. This artificially generated spectrum will
correspond to that of an ideal mixture for which Beer’s
Law is exactly followed. A spectral subtraction of the
artificial spectrum from that of the real mixture will then
indicate which regions of the spectrum do not follow
Beer's Law. An example of this procedure is shown in
Fig. 3 for the mixture of the three xylenes in nearly equal
mole fractions. The residual spectrum in Fig. 3 obtained
after subtraction of the appropriate amount of each pure
xylene reference spectra has been scale expanded by a
factor of 2 and clearly indicates those regions where the
Beer’s Law assumption breaks down. These regions are
primarily the in-plane and out-of-plane C—H bending
vibrations on the aromatic ring. This failure of Beer's
Law is in part due to the strong and narrow nature of
these bands as well as the greater molecular perturbation
of the bending vibrations of the aryl hydrogens. Avoid-
ance of these vibrations in the least-squares analysis
should, therefore, yield more accurate results. This is
confirmed by the results of the least-squares analysis
applied to the real mixture of xylenes as demonstrated in
Table IV for a variety of spectral ranges. These results
were obtained from spectra that were not corrected for
nonzero baselines.

TABLE IIl. Percentrelative error for the least squares analysis
applied to an artificially generated spectrum of 1:1:1 o, m, p-
xylenes.*

S/N cl’f % Relative error®
sampte o-Xylene m-Xylene p-Xylene
spectrum I (1V) II (IV) 1L {IV)
250:1 —0.02 (0.20) 0.08 (0.28) -0.21 (—0.02)
25:1 -0.21 (1.9) 0.75 (2.7) -22 (-0.27)
2.5:1 =103 (13.1) 54 (17.1) -275 (—4.8)

* Samples generated by adding 0.3333 of each reference, plus appropri-
ate noise. Spectral region fit was 550 to 3100 crn™! with an absorbance
threshold of 0.156 A. Fit included 15 peaks with a total of 818 data
points. No preliminary baseline correction of either sample or refer-
ence spectra were made.

® Values without parentheses are relative errors obtained by applying
Fit II. Values in parentheses are relative errors obtained by applying
Fit IV.
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